Abstract. Let M be an even dimensional compact Riemannian manifold with boundary and let D be a Dirac operator acting on the sections of the Clifford module E over M. We impose certain local elliptic boundary conditions for D obtaining a selfadjoint extension D F of D. For a smooth U(n)-valued function g : M → U(n) we establish a formula for the spectral flow along the straight line between D F and g −1 D F g. This spectral flow is motivated by index theory: in odd dimensions it gives the natural pairing between the K-homology class of the operator and the K-theory class of g.
Introduction
Let M be a compact even dimensional manifold with boundary. Let D be a Dirac operator acting on the sections of the Clifford module E over M. It is well-known that one can impose local elliptic selfadjoint boundary conditions for D. The boundary condition will be labeled by a selfadjoint endomorphism F ∈ End C(∂M) (E 0 | ∂M ) and the corresponding realization of D will be denoted by D F . Corresponding heat kernel expansions have been considered in [BrGi90] , and such boundary conditions for Dirac operators were recently considered in [ChCo11] to construct the spectral action on a manifold with boundary.
Unlike the case of a closed manifold, D F is no longer an odd operator with respect to the natural Z 2 -grading on E and therefore one does not have a natural index problem for this operator.
However, since the operator obtained is selfadjoint, there is a natural spectral flow problem for this operator. Namely, given a smooth function g on M with values in the unitary group U(n) one can consider the spectral flow between the operators D⊗id and g −1 (D⊗id)g acting on L 2 (M, E)⊗C n . Equivalently, this spectral flow equals the Toeplitz index ind(PgP), where P is the positive spectral projection of D F [BaDo82] , [Les05, Sec. 3] . For the case of 2-dimensional M the spectral flow problem has been considered by M. Prokhorova in [Pro13] . In this paper it is shown that the spectral flow can be computed in terms of the winding numbers of g at the boundary components of M. In the paper [KaNa12] it was observed that one can reduce the spectral flow problem to the index problem for the suspension of the family. The latter index can be computed by the Atiyah-Bott index theorem [AtBo64] .
The goal of the present paper is to extend the results of [Pro13] to the case of arbitrary Dirac operators on compact even dimensional manifolds with boundary. Our main result Theorem 3.3 expresses the spectral flow of the Dirac operator with local boundary conditions in terms of the spectral flow of the boundary Dirac operator. As a consequence we obtain yet another proof of the cobordism invariance of spectral flow. We note that even though all the results are stated for Dirac operators, both the statements and the proofs remain true for the more general first-order elliptic formally self-adjoint operators.
In the even case, for the index of Dirac operators on odd-dimensional manifolds, the corresponding result has been proved by D. Freed [Fre98] . Thus our paper can be considered as an odd analogue of one of D. Freed's theorems. We note that the paper [Zad09] gives a heat equation proof of D. Freed's theorem.
In the paper [DaZh06] a formula for the Toeplitz index for Dirac operators on odd dimensional manifolds with global Atiyah-Patodi-Singer boundary conditions is given. This problem is significantly different from the one we consider here.
Our solution to the problem is based on the heat equation approach. We use the heat equation expression for the spectral flow due to E. Getzler [Get93] . Analytical formulas for spectral flow have received considerable attention in the literature, see [CaPh98, CaPh04, CPS09] .
The paper is organized as follows. In section 2 we recall the main facts about the spectral flow and quote Getzler's formula. Then, in section 3, we introduce a class of local elliptic boundary value problems for Dirac operators, state the spectral flow problem, our main result and a couple of consequences. Finally, section 4 contains some heat kernel calculations on the model cylinder N × [0, ∞). These are needed in the proof of Theorem 3.3 to identify the ingredients in Getzler's formula in terms of boundary data.
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Preliminaries
For all notations and definitions related to Dirac operators and boundary value problems our standard references are the books [BGV92] , [BBWo93] and also the recent publication [BBLZ09] .
2.1. Spectral flow. Since the notion of spectral flow is central for this paper we recall here, for the convenience of the reader, its definition. Let H be a separable Hilbert space and denote by CF sa the set of closed self-adjoint Fredholm operators equipped with the graph metric. For T 1 , T 2 ∈ CF sa , the graph distance is defined as
where P j is the projection onto the graph of T j . An equivalent metric is defined by
Given a continuous path
one chooses a subdivision 0 = t 0 < t 1 < . . . < t n = 1 of the interval [0, 1] such that there exist ε j > 0, j = 1, . . . , n, satisfying ±ε j / ∈ spec f(t) and
Here 1 [0,ε) denotes the characteristic function of the interval [0, ε) and the operator 1 [0,ε j ) (f(t j )) is defined via the functional calculus and therefore is equal to the orthogonal projection onto the sum of the eigenspaces of f(t j ) corresponding to the eigenvalues λ ∈ [0, ε j ). It can be shown that the spectral flow thus defined depends only on the path f(t) and not on the choices made in the construction. This definition essentially goes back to [APS76] . The approach we discuss here appeared in the case of bounded operators in [Phi96] , and in [BBLP05] in the unbounded case. For a detailed historical discussion see [Les05, Introduction] .
We emphasize that in this definition of SF it is not necessary that f(0) and f(1) are invertible. It should be noted, however, that in the literature there exist different conventions for dealing with the degenerate case in which one or both endpoint values are not invertible.
Consider now a selfadjoint Fredholm operator D ∈ CF sa . Let g ∈ U(H) be a unitary operator such that
is a continuous path in the graph topology and even in the stronger Riesz topology, see [Les05, Sec. 2]. A systematic study of the spectral flow for such families of operators, which are bounded perturbations of a fixed unbounded operator, was given in [BBFu98] .
For the sake of brevity we introduce the notation
The homotopy invariance of the spectral flow 
sa is continuous in the graph topology. Since g
is indeed a Fredholm operator. The closed path which is the concatenation of the paths
is homotopic to the constant path D 0 (since the cube 0 ≤ u, s, t ≤ 1 is contractible). By homotopy invariance, the total spectral flow over this closed path vanishes. The path additivity of the spectral flow yields
From the definition (2.1) we infer
The proposition now follows.
The following result of E. Getzler [Get93] computes the spectral flow in heat equation terms. 
Theorem 2.2 (Getzler
where
Remark 2.3. 1. The formula (2.5) is derived in [Get93] under the assumption that D is invertible. It is true without this assumption as well. Indeed, assuming this result for invertible D, consider for general D the function 
The main results
3.1. Boundary conditions for Dirac operators. We consider an even dimensional compact Riemannian manifold (M, g) with boundary ∂M. Furthermore, let D be a Dirac operator acting on the Z 2 -graded Clifford module E = E 0 ⊕ E 1 over M; that is E is a module over the Clifford algebra C(M) = Cℓ(TM) and D is an odd parity (with respect to the Z 2 -grading) first order selfadjoint elliptic differential operator satisfying
Let n be the (inward) normal vector field at the boundary. Then Clifford multiplication by n induces an isomorphism J = c(n) :
We denote by D ∂ the corresponding Dirac operator on E 0 | ∂M . We define local boundary conditions for D as follows: For an invertible element b) Given s ∈ Dom(D F ) and t ∈ Γ ∞ (E). Green's formula gives
Positivity or negativity of F implies that f 0 | ∂M = 0, and hence f 1 | ∂M = 0. The Unique Continuation Property (UCP) for Dirac operators [BBWo93, Sec. 9] now implies that f = 0.
Remark 3.2. The statement of this Proposition with the same proof holds for more general first order elliptic differential operators (for part c) one needs to assume UCP). In particular it holds for the operators of the form D + A where A is an odd, selfadjoint endomorphism of E.
Main results.
We continue in the notations of the previous subsection. Let F ∈ End C(∂M) (E 0 | ∂M ) be a selfadjoint invertible element defining boundary conditions (3.3) for D. D F then is a selfadjoint realization of an elliptic boundary value problem.
Let P + (respectively P − ) be the projection onto the positive (resp. negative) eigenbundles of F; 
Since the boundary condition of D F is local, multiplication by g preserves the domain of D F ⊗ id and hence g satisfies (i) and (ii) on page 4 and thus the spectral flow SF(D F ⊗ id, g), cf. (2.4), is well-defined. The analogous problem for nonlocal boundary conditions is more subtle since then multiplication by g does not preserve the domain, see [DaZh06] .
Here, D F ⊗ id is acting on E ⊗ C N . By slight abuse of notation we will write again D F for D F ⊗ id and use the analogous convention for B ± , etc. The following Theorem expresses SF(D F , g) in terms of boundary data: 
Proof. We first show that we can reduce the computation of the spectral flow to the situation where all structures are product near the boundary. Our proof relies on the results from [BBLZ09] , and the argument is very similar to the one in [Pro13] . We then apply Getzler's formula (2.5). This application uses standard calculations of the heat kernel on the cylinder, which we relegate to the Section 4. Let r, h be the Riemannian metric on M and Hermitian metric on E respectively. Fix a collar neighborhood N 0 of the boundary, and fix an identification N 0 ∼ = ∂M × [0, δ) using the exponential mapping, so that r( ∂ ∂x , ∂ ∂x ) = 1, x ∈ [0, δ). Let r 1 denote the Riemannian metric on M which is product on N 0 and coincides with r on ∂M.
We fix an isomorphism E 0 ∼ = π * E 0 | ∂M and let h 1 denote the Hermitian metric on E 0 which makes this isomorphism an isometry over N 0 . Extend
) is an isometry. One can construct, see [BBLZ09] , an invertible even parity section Ψ ∈ Γ ∞ (M, End(E)), which induces a unitary isomorphism L 2 (M, E, r, h) → L 2 (M, E, r 1 , h 1 ) and such that Ψ| ∂M = id. We can use J = c( 
We can then construct a smooth family of elliptic self-adjoint boundary value problems connecting the pair (Ψ • D • Ψ −1 , F) to the pair of the form ( D, F) where
on N 0 and F = P + − P − . Notice that by the Theorem 7.16 of [BBLZ09] the corresponding family of operators is continuous in the graph topology. We can also smoothly deform g in the class of smooth U(n)-valued maps to such an element g which is independent of x near ∂M and such that
, 0 ≤ µ 0 , λ 0 ≤ 1 be cut-off functions such that µ 0 is equal to 1 near ∂M and λ 0 is equal to 1 in a neighborhood of supp µ 0 . Let µ 1 = 1 − µ 0 and λ 1 ∈ C ∞ 0 (M \ ∂M) be equal to 1 in a neighborhood of supp µ 1 . Then, using λ 0 µ 0 = µ 0 , λ 1 µ 1 = µ 1 , we obtain for any trace class operator K with smooth kernel on M × M the identity We emphasize that this is an exact formula. Specializing to
By standard off-diagonal decay estimates for the heat kernel, cf. [Les13, Sec. 3], the first term can asymptotically, i. e. up to O(ε ∞ ), be computed on the model cylinder. This calculation is done in Section 4 below, Proposition 4.1. The second term is O(ε ∞ ). Indeed, all the local terms in the local asymptotic expansion of Tr
is an odd operator with respect to the Z 2 grading of E. In conclusion applying Getzler's formula (2.5) we get
when ε → 0. The statement follows. 
Since f| ∂M = 0 we infer from Green's formula
is odd with respect to the grading γ. Consequently,
and hence f = 0.
Corollary 3.5.
Proof.
The second equality is due to the fact that D ∂ − B is bounded.
From this we obtain a different form of the Theorem 3.3:
In the notations of the Theorem 3.3 we have
Finally, the topological formula for the spectral flow of Dirac operators yields, up to normalizing conventions Corollary 3.6.
The heat kernel on a half-cylinder
In this section we compute the heat kernel for the boundary value problem (3.3) on a half-cylinder where all structures are of product form. This will allow us to evaluate Getzler's formula explicitly. This will complete the proof of the main Theorem 3.3.
Let N be a compact Riemannian manifold and let B be a generalized Dirac operator in the sense of [BGV92] , acting on the sections of the Hermitian vector bundle E 0 . That is B is a first order elliptic differential operator such that the leading symbol of B 2 at ξ ∈ TM equals g(ξ, ξ), such operators are called generalized Laplace operators in [BGV92] . Furthermore, let E = E 0 ⊕ E 0 and F ∈ End(E 0 ), F * = F. We assume that
We pull back all structures to the cylinder N × [0, ∞). On this manifold consider the operator D F acting on the sections of E given by the equation
with the boundary conditions
Let U be the unitary automorphism of E given by
We note the relations
, and 
Thus UD We now recall the notation of the beginning of Section 3.2. Let g ∈ C ∞ (N, U(n)), extended to N × [0, ∞) as being independent from x. Choose cut-off functions λ, µ ∈ C The result then follows from Theorem 2.2.
